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1. Introduction and main results 

Continuous symplectic reflection algebras have been recently introduced by Etingof, 
Gan and Ginzburg in [EGGJ. They are a generalization of symplectic reflection algebras 
([EG]) to reductive algebraic groups. 

In this paper we study representations of the wreath product continuous symplectic 
reflection algebra TL c ,k(Fn) attached to the wreath product T n := T xn x S n of any infi- 
nite reductive subgroup T C SL(2,C) with the symmetric group of rank n, and to the 
parameter (c, k), where k £ C is a complex number, and c is an Ad(r)-invariant algebraic 
distribution on T (cfr [EGG], §6). 

In the case of a finite group T C SX(2,C), a fundamental tool for the study of the 
wreath product symplectic reflection algebra Wi )Cj fc(r n ) has been the theory of deformed 
preprojective algebras, introduced by Crawley-Boevey and Holland in |CBH| . In this 
case, in fact, there exists a Morita equivalence between the rank one symplectic reflection 
algebra Wi jC (r) (deformed Kleinian singularity) and the deformed preprojective algebra 
IIa(Q) attached to the (affine Dynkin) McKay quiver Q of T and to some value of the 
parameter A depending on c. 

In |CBH] reflection functors were defined between the categories of finite dimensional 
representations of preprojective algebras for different values of the parameter A. This 
allowed to get a complete classification of such representations, thus of the finite di- 
mensional representations of Tii tC (T). Moreover, using a deformation theoretic-approach 
(the rank n symplectic reflection algebra can be seen as a one-parameter deformation 
of U\(Q)® n x C[5 n ]), it was possible to find an interesting class of finite dimensional 
representations for higher rank ([EM], [M]). 

A second remarkable development in the representation theory of wreath product sym- 
plectic reflection algebras of higher rank has been the introduction by Gan and Ginzburg 
( |GG] ) of the higher rank deformed preprojective algebra A n ^ v {Q). The algebra A n ^\ )V {Q) 
is a one-parameter deformation of the wreath product of the preprojective algebra H\(Q) 
with S n . In the case when Q is affine Dynkin, this deformation is Morita equivalent to 
the higher rank symplectic reflection algebra of wreath product type. Recently, follow- 
ing this interpretation of wreath product symplectic reflection algebras of higher rank in 
terms of deformed preprojective algebras, Gan defined a version of the reflection functors 
for the higher rank case ([G]). This allowed him to give a more elegant and transparent 
formulation and proof of the results of [EMJ , [MJ . 

In the light of these results, and using the extended McKay correspondence for reduc- 
tive subgroups of SL(2,C), in this paper we define a continuous version of the deformed 
preprojective algebra A nt \ jU (Q), for any infinite affine Dynkin quiver Q and any rank n. 
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For appropriate values of the parameters, we prove a Morita equivalence between the con- 
tinuous symplectic reflection algebra Tt c ,k(X n ) and the algebra A n ,\,v{Q), where Q is the 
McKay quiver of T. This allows us to use the results of [CBH] to give a complete clas- 
sification of the finite dimensional representations of the rank one continuous symplectic 
reflection algebra for any T. For T = SX(2,C) we compare our classification with the 
results of Khare ( |Kh| ) about the representation theory of the symplectic oscillator alge- 
bra. Moreover we show that Gan's definition of reflection functors easily extends to the 
continuous case and we prove the analog of the results of [EM| , [M] for finite dimensional 
representations in higher rank. 

The structure of the paper is as follows. In Section 2 we recall the construction of the 
continuous symplectic reflection algebras of wreath product type. In Section 3 we review 
the theory of infinite affine Dynkin quivers. Sections 4 and 5 are dedicated to the definition 
of the algebra A n ,x,u{Q) and to the proof of the Morita equivalence respectively. Section 6 
contains the results about finite dimensional representations for both rank one and higher 
rank. 

2. Continuous symplectic reflection algebras of wreath product type 

2.1. Symplectic reflections for the continuous wreath product groups T n . Let 

L = (C 2 ,lol), a complex 2-dimensional symplectic space equipped with a symplectic form 
ul, and let T be an infinite reductive subgroup of Sp{L) = SL(2,C) (by choosing a sym- 
plectic basis). It is well known that there exist only three such groups (up to conjugation): 

(1) SL(2,C); 

(2) GL(1,C) = C*, the maximal torus; 

(3) O2, the normalizer of the maximal torus. 

As we will see later (Section 3.1) these groups correspond to the infinite affine Dynkin 
diagrams A +oc , Aqq, respectively. 

We consider the space V = L® N , endowed with the induced symplectic form lo = ui® N . 
The symmetric group S n acts on V permuting the factors. Then we have a symplectic 
action of the wreath product T n = T xn x C[S n ] C Sp(V) on V. 

For any 7 G T we will write 7, for the element 7 placed in the ith factor of T xn C T n . 
We will denote by cTij € S n the transposition i <-»• j. 

The set S of symplectic reflections in T n is defined to be the set of elements s such 
that rk(l — s) < 2 as a linear operator on V. Let Sq = S D T xn be the set of symplectic 
reflections in T xn and let Ad(T n )<Jij = {<7/m7«7m 1 K 7^ m ; 7 G T} be the conjugacy class of 
any transposition. Then it is easy to see that S = 5oU Ad(r n )<Tjj. T n acts by conjugation 
on S preserving this decomposition. Let S be the closed subscheme of T n defined by the 
equation po A 3 (l — g\y) = 0. S is stable under conjugation. We have S = T,qU Ad(F n )aij, 
where So = 5] n T xn and the set of orbits S/T n is a scheme isomorphic to £/T n (see 
[EGGj . proof of Proposition 6.4). 

2.2. Algebraic distributions. We want here to recall some important facts about alge- 
braic functions and distributions for a reductive group G and in particular for the groups 
r, T n . We will also introduce the notation we will use throughout the paper. 

For any reductive algebraic group G we will denote by 0{G) the algebra of regular 
functions. The algebraic distributions on G are the elements of the dual space 0{G)*. 
The coalgebra structure on 0{G) induces an algebra structure on 0(G)* given by the 
convolution product. To ease notation we will write simply fifi' for the convolution of any 
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two distributions fi, // G 0(G)*. If A : 0(G) — * 0(G) <g> 0(G) denotes the the coproduct 
for 0(G), then the convolution product ////' is the unique distribution on G such that: 

(1) (/i/x' ! /) = (//(g) / i , ,A(/)} V/€0(G). 

The action of G on 0(G) by left (or right) translation induces an action on 0(G)* in 
the obvious way ((7 • = (^j" 1 • /), V 7 G T, // G 0(G)*, / G 0(G) ). 

Similarly the action of G on itself by conjugation induces an action on 0(G), 0(G)*. 
Thus, for any closed Ad(G)-invariant subscheme X of G, we have an induced action of G 
on the space 0(X)* and a natural identification (0(X)*) G = 0(X/G)*. We will denote 
by C(X) this last space. 

Let us now consider our particular case. With respect to the left (right) translation 
action the r-modules 0(T), 0(F)* have the following decompositions: 

(2) 0(T) = 0iVi(8)iV? ^0Mat(di), 0(T)* = JJ iVj (8) iVf = JJ Mat(dj) 

where iVj ranges over all irreducible finite dimensional representations of F, N? denotes 
the dual representation, and d{ = dimiVj. 

In what follows we will denote by J r : 0(T) — > C the unique right and left T-invariant 
linear form on 0(T) such that J r 1 dj = 1. Such form exists and is unique for any reductive 
group r and, if we take N% = C to be the trivial representation, it can be described as the 
projection on the one dimensional subspace N% (g) N*. 

We observe now that 0(S n ) = C[S n ] and that the assignment a — > 5 a , where Jo- 
denotes the delta distribution concentrated at the element a, defines an algebra isomor- 
phism 0(S n )* C[S n }. We have 0(T n ) ^ 0(T xn ) x C[S n ] ^ 0(r)® n x C[5 n ] and 

0(T n )* = 0(Yy® n x C[5 n ] ( where ® is the completed tensor product). 

We will be interested in the space C(S) of T n -invariant distributions supported on 
the symplectic reflections. It follows from what we said at the end of Section 12.11 that 
C(S) = C(E) and C(S) = C(Sq) © CA, where A is the integration over Ad(T n )aij and 
we have a natural identification C(Sq) = C(T). Thus, for any [i G C(S) we can write 
H = (c,k), c G c(r), k G c. 

2.3. The wreath product construction. In all what follows for any vector u G L we 
will denote by Ui the corresponding vector in the i-ih factor of V = L® n . In particular for 
a chosen symplectic basis {x,y} of L we will denote by {xj, yi}i=i,..., n the corresponding 
symplectic basis of V. For any / G C(T n ) and /x G C(r n )* we will write //i = /j/ for the 
action of 0(T)* on C(T n )* defined by (fn,g) = {(i,fg). 
Let TV be the tensor algebra of V. 

Definition 2.1. The semidirect product TV xi 0(T n )* is i/ie algebra generated by w G V 
and /i G C(r n )* mt/i i/ie relations 

fj,-w = ^Xi- (x*,gw)fx + yi ■ (y*,gw)fj,, \/w G V, \i G C(T n )* 

i 

where {x*,y*} denotes the dual basis of {xi,y,j} and (x*,gw)fA denotes the action of the 
regular function (x*,gw) on fj, (similarly if we substitute Xi with yi). 

Remark 2.2. Note that definition \2. H is obviously independent from the choice of the basis 
for V as long as we choose the corresponding dual basis for V* . We use the symplectic 
basis {xi,yi} in order not to introduce more unnecessary notation. 
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We will now define a family of deformations of the algebra TV x 0(T n )* indexed by 

(c, k) £ c(s) = c(Sq) e ca. 

Let / G 0(T n ) = G(T)® n xiC[S n ] be a "decomposable" function, i.e. / = f(fi<8>- ■ ■»/»), 
with / G C[5 n ] and /j G 0(T) for any i. Then we can write for the distribution A: 



(3) 



(A,/) = £ <<W) ( / fib) fib' 1 ) *y l[(6„fi)\ 



? < j 
i < j 

where Ay is the distribution on r x " acting as shown above and e is the unit in I\ Thus 
A = Y2i j\i<j ^Vij Ai;- We denote by ul^u, v)Aij the distribution on r x " such that 

{u L {-yu,v)A ij ,f l ®---®f n )=J uj L (ju,v)f i (j)f j ('y~ 1 )d'y Y[( S e,fl)- 

Finally for c G C(<5) we will denote by q the algebraic distribution on r xn given by 
5 e <8> • • • <8> c <g> • • • <g> 5 e , where c is placed in the zth position. 

Definition 2.3. The algebra Ti c ,k(^n) *s the quotient of TV X 0(T n )* by the following 
relations: 
(Rl) for all i G [l,n]: 

[xi,yi] =c i + 2k'^2 ■ 

(R2) For all u,v G L, and all i ^ j: 

[ui,Vj] = -2k8 ai . (u L ('ju,v)A ij ) 

In the rank one case (n = 1) there is no parameter k and, if we denote by {x, y} a 
symplectic basis for the space L, the relations (Rl), (R2) reduce to 

(4) [x, y}= c. 

Thus we have 

and the algebra TC C (T) is the analog for continuous reductive subgroups of SL(2, C) of the 
deformed Kleinian singularities studied by Crawley-Boevey and Holland in [CBH]. 

Remark 2.4. Note that in the original definition of Etingof, Gan and Ginzburg ( , [EGGj . 
§ 3.1) one more parameter t G C appears. According to [EGG], if we denote by 6% the delta 
distribution at the identity element 1 G T n , the defining relation for the algebra T~Ct,c,k(^n) 
should have the form (cfr [EGGj § Q.2): 

(6) [w,w'] = tuj(w,w')5i+uj((l-j)w,(l-j)w')(c + kA) Vw,w'eV. 

In the particular case of the wreath product group T n = T xn tx S n , with T infinite, 
though, the parameter t can be absorbed in the parameter c. This depends on the fact that, 
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j/Tc SL(2,C) is infinite reductive, the identity element 1 £ T n lies in the closure of the 
set S of symplectic reflections. 

Using this fact, in a similar fashion as in the discrete case ([GG\, Lemma 3.1.1), we 
can reduce relation ^B(j to relations (Rl), (R2) by a simple computation. 

For the sake of clarity let us first look at the rank one example. In this case, according 
to the definition of [EGG], and absorbing the parameter t in c, relation should look 
like: 

(7) [x,y]=u((l-j)x,(l-j)y)c 
from which we get the expression 

(8) [x,y] = (2-tr L ( 7 ))c 

where trj, denotes the trace in the defining representation of T on L. Now it is enough 
to show that the invariant function 2 — tr/,(7) is not a zero divisor in 0(T) r . Indeed, if 
this is true then the multiplication by 2 — tr^(7) is an infective linear endomorphism of 
0(T) T , thus the induced linear endomorphism of 0(T)* r is surjective, and any invariant 
distribution d can be written as d = (2 — trr,(7))c, for some c £ 0(T)* = C(T). But 
now for r = C* and V = SX(2,C) the ring 0(T) r is clearly a domain. When T = O2, 
the cover of the group O2, we have C(T) r = C[z, z^ 1 ] © C, where the two summands come 
from two connected components (so it has zero divisors), but the function 2 — tr(7), which 
is clearly not identically on the first summand, maps to 2 in the second summand (since 
tr( 7 ) = for 7 from the conjugacy class of orthogonal reflections), so again it is not a 
zero divisor. 

To pass to the higher rank case, we observe first of all that uj(ui,Vj) = if i ^ j and 
uj(xi,yj) = bij. Moreover, since the distribution A is supported on the conjugacy class 
o'im^n m 1 \l y^m, 7 6 r} and for all i / j the orbit of Oij under the action 

ofT xn C T n is Ad(r xn )^ = [o-ijiaj 1 ^ € r}, we have: 

^((l - g)ui, (1 - g)vj)A = 
= (1 - bij) (-uj(ui, (7 _1 w)j) - u((^u)j,Vj)) 6 aij Aij+ 
+bij^2(u(ui,Vi) + u}((ju)i, (jv)^) 6 aa Au = 

(9) = -2(1 - bij)5 aij (u L ('yu,v)Aij) + 2bjjU L (u, v) y~] S aa A u 

It's now trivial to deduce (Rl), (R2) from and the above observations. 

2.4. Infinitesimal Hecke algebras. The rank 1 algebra 7i c (T) has an interesting infini- 
tesimal counterpart called the infinitesimal Hecke algebra (cfr. (EGG] , Section 4). In this 
section we recall the definition of such algebra. 

For T = SL(2, C), GL(1, C), 2 , let q be the Lie algebra of T. Then the enveloping al- 
gebra Uq is naturally isomorphic to the subalgebra of 0(T)* of all algebraic distributions 
set-theoretically supported at the identity element e S T (cf. |DGj . II, § 6). More pre- 
cisely, if we identify any element D £ Uq with the corresponding left invariant differential 

^Note that all what we said here is not true for continuous symplectic reflection algebras in general (see 
for example the case of the continuous Cherednik algebra attached to the group O n , EGG] § 3.3.1) and 
the extra parameter t becomes essential for a definition including all cases ([EGGi, § 3.1). 
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operator on T, then the above mentioned isomorphism sends D to the distribution D such 
that for any function / G 0(T): 

(10) (D,f):=(Df)(e) 

where by Df we just mean D applied to / as a differential operator. 

In particular, Ad(T)-invariant distributions supported at the origin can be identified 
with elements of the center Z(Uq) of the enveloping algebra. If the distribution c belongs 
to the subalgebra Ug C 0(T)* we define the infinitesimal Hecke algebra ~H c (q) as the 
quotient of TV x Uq by the relation (|1J). 

Wheng = SI2, representations of the algebra TC c (q), called deformed symplectic oscillator 
algebra of rank 1, were studied by Khare in [Khj . We will compare his results with our 
results about finite dimensional representations of the algebra TC C (SL(2, C)) in Section \6. 21 



3. Infinite quivers of affine type 

3.1. McKay correspondence for infinite reductive subgroups of SL(2,C). In this 
section we will briefly recall what can be called the McKay correspondence for infinite 
reductive subgroups of 57/(2, C). Let T be as above. One can associate a graph to T 
in the following way. Let {Ni}i e j (where I = 7L for F = GL(1,C) and / = Z + for 
r = O2, 5L(2,C)) be the collection of finite dimensional irreducible representations of T 
and let's denote by L the tautological representation of T on C 2 (we recall that such a 
representation is self-dual). The set of vertices of the graph attached to T is indexed by /, 
while the number of edges connecting i,j £ I is the multiplicity of N in L <g> Nj (which is 
the same as the multiplicity of Nj in L (8) N{, by self-duality of L). It is a classical result 
that the graphs associated to GL(1,C), O2, 57/(2, C) are the infinite Dynkin diagrams 
Aoa, Doo, -4+oo respectively. 



A 



+00 



Figure 1. Graphs associated to GL(1,C), O2, and SL(2,C). 



Note that from the description above follows that any vertex of such graphs corresponds 
to an irreducible representation N of T, and the adjacent vertices and edges encode the 
decomposition of N into irreducibles (any such decomposition is multiplicity free, thus 
we get simply laced graphs). We will also denote by T any such graph. 

Remark 3.1. When F is a finite subgroup of SL(2, C), with the same procedure, one gets 
the affine (finite) Dynkin diagrams of type AD E (standard McKay correspondence). 

We recall that the graphs ^oo, -Doo, A +OQ , together with the analog graphs B^, C^, 
form the complete list of connected Dynkin diagrams of infinite affine Cartan matrices, 
i.e. generalized Cartan matrices of infinite order, such that any principal minor of finite 
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order is positive ([K], § 4.10). In particular we get the matrices: 
/... •• 
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In the sequel we will denote by A - 
ing Kac-Moody algebra ([K], § 1, 2). 



/ 2 -1 ••• 

-1 2 -1 
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A(T) any such matrix and by q'(A) the correspond- 



3.2. Infinite rank affine root systems. We want here to give a description of the 
root system attached to the graph T or, equivalently, to the matrix A. To this end, we 
observe that A can be seen as the matrix of the symmetrized Ringel form attached to the 
corresponding graph, that we will denote by ( , ). Consider the space C , where / = Z 
for A = Aoo, and I = Z + , for A = A +00 , Doo, of all column vectors {aj}j e /, such that 
on = for all but finitely many i. This space has a basis of coordinate vectors £j, i E I , 
i.e. column vectors with 1 at the place i and elsewhere. In other words, if a € C 1 
then a = Y2i a i € i- The symmetrized Ringel form attached to T is the bilinear form on 
C 1 defined as follows. Take the graph T and give any orientation to its edges. Denote by 
Q = Q(T) the quiver so obtained and by a £ Q any of its arrows. If a : i — ► j we will say 
that i = t(a) is the tail of a and j = h(a) is its head. Then we define: 

(11) (a, (3) = (a, 0) + a) 
where 

(12) (a, P) = OliPi-Y^ Ot(o) Ph(a) 

Note that formula (|12p makes sense since any of the graphs T is locally finite (i.e. any 
vertex has finite valency). Moreover, the matrix representing ( , ) in the basis {ej}j 6 / is 
exactly A. 

We are now ready to define the root system for A. Our construction works more 
generally whenever A is the matrix of the symmetrized Ringel form for any locally finite 
quiver Q, in particular when the quiver is finite it coincides with the usual definition of 
root system for a quiver (jCBH], § 6). Moreover our description coincides with the one 
given in [K] (§ 7.11) for the root system of an infinite rank affine Kac-Moody algebra 

0'(/l)- 

We will say that e, are the simple roots for A (or for Q or T), and we will denote the 
set of simple roots by II = II (A). Note that in our case ( , ) is nondegenerate on C 1 , since 
all the principal minors of A are. 

For any i £ I we will now define the simple reflection Sj : C 1 — > C 1 (sj : 7L 1 — > Z 1 ) by: 

Si(a) = a - (a, ej)ej. 

The Weyl group W attached to A (equivalently to T) is the group of linear automor- 
phisms of C 1 generated by the simple reflections Sj, Vi G /. 
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The real roots of A, and in general for a locally finite quiver Q, are defined to be 
the union of the orbits of the simple roots under the action of W, we will denote the 
set of real roots by A re = A re (A). So we have, by definition, A re = [J w&w wll. It is 
standard that any such root is positive or negative (i.e. is a sum of simple roots with all 
non-negative, respectively non-positive, integer coefficients) and that A™ = — A+ . The 
imaginary roots of A, or in general for a locally finite quiver Q, are instead the elements 
of Z 1 that are of the form iw/3, for j3 € F, where F is the fundamental region: 

F = {(3 e N 7 " s.t. (3^0, support of (5 is connected, and (J3, e*) < Mi £ I}. 

We denote such vectors by A im = A im {A). The root system for A is the union of real 
and imaginary roots and we will denote it by A = A[A) = A re U A im . In our case, when 
A is an infinite rank affine Cartan matrix, we have A(A) = A re (A), and there are no 
imaginary roots ([K], § 7.11). This is because any infinite rank affine matrix A (as well as 
its graph T and its root system A), can be seen as the limit of a sequence of positive finite 
rank Cartan matrices A n , all of the same type, (with their Dynkin diagrams T n and root 
systems A n ), and for such matrices there are no imaginary roots ([K]. § 5.2, Proposition 
5.2 c) ). 

All this is in contrast with the theory of finite affine Dynkin diagrams, for which the 
set of imaginary roots is infinite. For any finite affine Dynkin diagram, in fact, we have 
A im = {m5\ m £ Z}, where 5 = {d{\ is the vector with coordinates the dimensions 
di = dimiVi of the irreducible representations attached to the vertices. The vector 5 
is also the unique vector, with positive integer coordinates, of minimal norm among the 
vectors generating the one dimensional kernel of the corresponding affine Cartan matrix or, 
equivalently, the radical of the corresponding symmetrized Ringel form, which is positive 
semi-definite in this case ([K], Theorem 5.6, b) ). We can recover the analogy with the 
finite case if we observe that the matrix A makes sense as a linear operator even on the 
space C 1 of all column vectors {u{}. This is because any of its rows has only finitely 
many non-zero entries. The kernel of this linear operator on C 1 is one dimensional and is 
spanned by the vector 5 = {di}, defined as above for T continuous. We want to remark 
that this vector is not a root for the Kac-Moody algebra q'(A) but it can be seen as a root 
for a central extension of a completion of g'(A) (see [K], § 7.12). 

3.3. Action of the Weyl group on weights. We want now to consider the dual space 
to C 1 . Such space is called the weight space and it is isomorphic to the space C 1 above. 
We will denote by • the standard pairing between C 1 and C 1 and by {e*} the dual "basis" 
(spanning C 1 topologically) of {e^} with respect to this pairing, that is to say e* • ej = 6^. 
For any u G C 1 we will write A = {Aj}, where A = ^i e i (where the sum is now possibly 
infinite) . 

We will consider C 1 as embedded in C 1 via the map 

v : C 1 — ► C 1 

where djj = (e^, ej). In the basis {e^}, {e*} the map v is given by the Cartan matrix A(T). 
Moreover, for any vector a £ C 1 and any i £ /, we have: 



(13) 



(a,6i) = v(a) ■ ei = v(a)i 
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For any reflection Sj, i € 7, we can now consider its dual reflection n : C 1 — > C 1 which 
is uniquely determined by the property 

riX ■ a = A • SiCt VA G C 1 , a G C 1 . 

In other words, we have {r{X)j = Xj — (ej, £j)Aj for any j, which is equivalent to: 

(14) r;A = A - Aii/fe) . 

Thus we can define an action of W on C 1 by the condition 

A • (wa) = w^X -a VA G C 7 , a G C 7 . 

Let now "-<" be a total ordering on C satisfying the following properties ( [CBH| . § 7): 

(1) If a -< b, then a + c -< b + c, for any c G C; 

(2) On integers -< coincides with the usual order; 

(3) For any a G C there israGZ with a -< m. 

An example of such an order is the lexicographic order with respect to the R-basis {1, \f— T} 
of C. 

We say that a weight A is dominant if -< Aj for all i £ I. Let J C / be a finite set of 
indices. For any weight A let Xj be the weight such that (Xj)j = Xj, if j G J, (Xj)j = 
otherwise. Then we say that A is J-dominant if Xj is dominant. Let Wj be the subgroup 
generated by the reflections Sj, for all j G J. We have the following lemma. 

Lemma 3.2. For any X G C 1 and any finite subset J C I, X is Wj -conjugate to a 
J-dominant weight A + . 

Proof. Let us first suppose that J is connected and let Qj be the finite connected 
full subquiver of Q corresponding to J. We observe that any such Qj is Dynkin. Let 
J' = J U dJ, where dJ is the set of adjacent vertices for the subquiver Qj ( the vertices 
that are not in Qj but are joined to Qj by a path of length 1). Let W(Qj') be the Weyl 
group (of AD type) attached to the quiver Qji. Let Uj> C C 1 be the vector space of weights 
fx satisfying m = for i ^ J 1 (i.e. the span of e*, j G J'). As above, let Xji be the weight 
(A = Xj if j G J', (Xji)j = otherwise. Clearly Aj/ G Uji. Write A = Xji + (A — Xji). 
Then we have that Wj fixes (A — Xjr) and preserves Uji. Identifying Uji with a finite 
dimensional vector space of dimension \J'\, the weight space for the finite Dynkin quiver 
Qji, we see that Wj acts on Uj> as the parabolic subgroup W(Qj) C W{Qji). The result 
now follows from the ordinary theory of Dynkin quivers. Indeed, write Xji = ^2j e ji bju(ej) 
(this is clearly possible since any principal minor of the Cartan matrix A(T) is non- 
degenerate) and define the height of A as ht(A) := X^jej' Consider now a vector of 
the form uuXji, for w G W(Qj), of maximal height with respect to "-<" (this exists since 
W(Qj) is finite). If (wXji)j -< for some j € J then, from formula (|14p . we get 

ht(u>Aj/) — ht(rjwXj>) = ht(wXji — rjwXji) = ht((wXji)jv(ej)) = (wXji)j -< 

Thus ht(toAj') is not maximal: a contradiction. So we must have (wXj>)j = (wX)j 
dominant, and A + := wX is J-dominant. We observe that it is possible to choose a w of 
minimal length as an element of W{Qj) with the property wX is J-dominant. If J is not 
connected we can clearly work separately on its connected components. 

□ 
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4. Continuous deformed preprojective algebras 



In this section we will extend the definition of deformed preprojective algebra introduced 
by Crawley-Boevey and Holland in [CBH] to the "continuous case" of the affine infinite 
quivers of type A +oc , Aoo, D^. Following [GG| we will then introduce a family of (PBW) 
deformations of the wreath product of the newly defined continuous deformed preprojective 
algebras with the symmetric group S n . It will turn out that the so defined algebras will 
provide, through a Morita equivalence, a preprojective algebra "interpretation" of the 
continuous symplectic reflection algebras of wreath product type for any rank n. 

4.1. The rank 1 case. We start by recalling the Crawley-Boevey and Holland definition 
of the preprojective algebra. 

Let Q be a quiver and I the set of its vertices. Let Q be the double of Q, obtained by 
adding a reverse arrow a* : j — > i for any arrow a : i — > j of Q. Let B := © ie/ C and let 
E be the vector space with basis the set of edges of Q. We have that E is a l?-bimodule 
and E = Ylijel ^ij, where Eij is spanned by all the edges a with h(a) = i, t(a) = j. 
We can form the path algebra of Q defined as CQ := TbE = n>o Tg£J, where T^E is 
the n-fold tensor product of E over B. For any i E I, let G B denote the idempotent 
corresponding to the trivial path for the vertex i and let 

(15) Ri:= a -a*- ^ a* -a. 

{a£Q\h(a)=i} {aeQ\t(a)=i} 

If A G B write A = J2iei ^* ei > ^* e ^ 
Definition 4.1. For each A G B, the deformed preprojective algebra of Q is the quotient 

CQ 
(Ri — \iei)i & i 

where (...) denotes the two-sided ideal generated by the indicated elements. 

Let now Q be any infinite locally finite quiver (in particular this is true if Q is of 
type j4oo, Dqo, A +00 ) with set of vertices /. Let B := C 1 be the vector space over C 
topologically spanned by all the orthogonal idempotents ej, i G I and E be the vector 
space with topological basis formed by the edges of the double quiver Q. Thus E is a 
.B-bimodule and E = Ylijei Eij, where Ey is spanned by all edges a G Q such that 
h(a) = i, t(a) = j. Note that, since Q, hence Q, is locally finite, all the spaces Eij are 
finite dimensional. Then the completed path algebra of Q is C Q = ®^- > qT^E, where 

TgE = E ®b ' ' ' ®B E, with k factors. We equip CQ with the topology in which the 
family of open sets is the family of subspaces of finite codimension. We observe that this 
algebra is unital, with unit riig/ e i) while the usual path algebra CQ (where we take 
B = C 1 and E = Eij) is not. 

Note that, since the quiver Q is locally finite, for any i G I the element Ri described in 

(|15p is a well defined element of C Q. 



Definition 4.2. The continuous deformed preprojective algebra T1\(Q) attached to the 
infinite affine quiver Q and to the parameter A G & is the quotient: 

((Ri - Xiei)) ieI 
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where ((...)) is the closed ideal generated by the indicated elements in the completed path 
algebra C Q. 

4.2. Higher rank. The definition of higher rank continuous deformed preprojective al- 
gebra given in this section is just a generalization to the continuous case of the one given 
by Gan and Ginzburg in [GG], (1.2). Namely, let us fix a positive integer n. Let B = B® n 
be the n-fold completed tensor product of B over C. For any I £ [i-,n] we define the 
£>-bimodule: 

S x = B®V-V®E®B®( n -V and £ = S x . 

l<l<n 

Note that S n acts naturally on S, thus on TqE. Now for any / £ [1, n], any path a £ C Q 
and any i = . . . ,i n ) £ I n we consider the elements 

|i := e ix <g> • • • <g) e in £ B 

and 

ai\i 

For an arrow a £ Q, if i\ 
aid) ■■= 

Definition 4.3. For any X £ & and v £ C, define the B-algebra A n ,\,v{Q) to be the 
quotient of Tq£ x C[S n ] by the following relations: 

(I) For any I £ [1, n] and i= . . . , i n ): 

(Ri l — Xi l )l\i = u o- m i\i; 

{m^l\ i m =ii} 

(«!,... ,i n ) with ii = t{a), i m = t{b): 

if b £ Q and a = b* 
if a £ Q and b = a* 
else 

For n = 1 there is no parameter v and ^4i,a(Q) = Aa((5)> while for iV > 1 and v = 
we have A nXQ {Q) = U x (Qf n x C[S n }. 

5. Morita equivalence 

In this section we will establish a Morita equivalence between the continuous symplectic 
reflection algebra TL c ,k{^n) and the algebra A n! \ jU (Q), where Q corresponds to T under the 
McKay correspondence, and for a suitable choice of the parameters A, v. Our result can be 
considered a generalization to the case of continuous wreath-product symplectic reflection 
algebras of the result of [GG| . § 3 for ordinary symplectic reflection algebras of wreath 
product type. Our proof will follow very closely the one of |GG| . but we report it in detail 
since proving this Morita equivalence is the key result of this paper from which all the 
results about the representation theory of T~C c ,k(^n) will follow. Also these computations 
will help the reader to become familiar with the language of algebraic distributions. 

ii 



:= &i x % ■ ■ ■ <8> ae it <g) • • • ® e in £ T B £i . 
= t(a) we define 

i') £ I n where i! - { lm yim + l 
...,i n ) £ l , wnere i m - < ^ if m = / 



(II) For any l,m £ [1, n], I ^ m, a,b £ Q and i 

a l\b m {i)bm\i — bm\ai(i) a l\i = 



VO-lm\i 
— v O~lm\i 





5.1. Before getting started we need to introduce some more notation. For any i € I we 
denote by £^(7) G 0(T) the (p, q)-th matrix coefficient for the irreducible representation 
Ni, where 1 < p, q < di = dim iVj. Since T is reductive, we know these functions span the 

algebra 0(T). Moreover, if we take matrix coefficients £^(7), E [r ^ (7) with respect to 
dual bases, the following orthogonality relation holds: 

(is) J E^ird^iWi = j^pi^m, 

where f r is the linear form described in Section 12.21 

Using the identifications ([2]) of Section [221 let E^ be the element of 0(T)* with 1 
in the (p, q)-th entry of the matrix for the i-th summand and zero elsewhere. We can 
identify Ejjf* with the distribution (E^,E lr ^) = bijb p ib qm . Using (fTUj) we can write 

(E% [ E?4 i )=d i S v E% i E%d 1 . 

It is straightforward to compute that, if A : 0{T) — > 0(T) (g) OiT) denotes the coprod- 
uct for 0(T), then A(E$) = X^Li E$®E%. In all what follows, when there is no ambi- 
guity, we will just omit the sum sign over repeated indices and write A(E^ ) = E^i <g> E^ . 
Using just the definition of convolution product (formula ([1]), Section [2T2]) . it is now easy to 
see that E^E^ = bijb q iEp^, so that O(r)* = fliei Mat(<ij) is an algebra isomorphism. 

We observe now that V ®0(T)*® n is a 0(r)*® n -bimodule with right action only on the 
second factor and left action defined by 

fi(w (8) //) = ^2 ( x i ® ( x *,9w) +yi® {y*,gw)) fifi' 

i 

for all G 0(r xn )*, w G V, where {xi,yi}, {x*,y*} are as in Definition 12.11 We have 
(17) TV x 0(T n y * T o(rr&n (V 0(r)^ n ) x C[S n }. 

5.2. Following [CBH] (§ 3) and [GGj (§ 3.3) we will now define the idempotents ipi := E^ 
and ip = J2i ^Pi m t]ae algebra 0(T)* . 

For the element element tp® n G Q(j^y® n we h ave: 

P®* 1 = Yl Vil ® • • • ® <Pin 
il,...,i n £l 

and 

£ (E^l ® • ■ - ® E*;j )^ n {E N x ;i ® • • • ® E?£ ) = 

il,pi,...,i n ,Pn 

as) = £ 0^®-®^&<t = e. 

U,Pl,...,«n,Pn 

5.3. Since <5f n is the unit element in 0(r)*® n , equation (fT8|) implies a Morita equiva- 
lence <^ n (TV x C(r)*^ n ) v?® n ~ TV x C(r)*® n . As a consequence we have by OH) 

that ip® n (TV x 0(r)*® n ) <p® n is the tensor algebra of v?® n (V ® 0(r)*® n ) y® n over 
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(p® n O(T)* n ip® n . But clearly we have an isomorphism 

(19) B <p® n O{TY® n tp® n = H C • <p h <8 • • • <8 Vin 

such that 

e h <8 • • • (8) e in — ► ^ (8) ■ ■ ■ <8 . 
Moreover we have bijections 

<PiO(T)*<pj <-> Hom r (iVi, iVj) ^ (L 0(T)*) ip s Hom r (iVi, L (8 iV,-). 

Indeed we have that 0(T)*ipj = Nj and (L (8 0(T)*) ipj = L (8 iV). The first is an irre- 
ducible finite dimensional representation and, since T is reductive, the last representation 
is completely reducible. Multiplying on the left by the idempotent cpi corresponds to 
projecting on the multiplicity space of the component of type N of such representations. 
Thus we have 

v® n {y®o{Ty® n )^ n = J] O^®- • ■®tp in ){L® n ® p<F)*& • • • (8Q(r)* )( yil (8- ■ ■ = 

n 

(20) =0 Yl Hom r (N h ,%)»••• ®Hom r (JVi, , L ® JV A )® • • • ®Hom r (iV in , JV in ) = £ 

i=l il,...,j n 

It follows from (HH) and ((20]) that: 

(21) ^" ( T 0( ry^ { V W"®") ) v® n = T B £ 

and 
(22) 

<p® n (TV x 0(r)*® n ) = y® n (r o{rr&n (V O(r)* 0n ) x C[5„]) </^ n - T B £xC[S n }. 

Now by dUD we have that the algebra H c>k {T n ) is Morita equivalent to Lp® n H c , k {T n )v® n ■ 
By ([22]) we have that ip® n H. Cj k(T n )ip® n is isomorphic to some quotient of Tg £ x C[5 n ]. 
We will show in the next theorem that for an appropriate choice of the parameters this 
quotient is exactly the one described in Definition 14.31 

5.4. We will need the following auxiliary lemma, which is the analog for infinite affine 
quivers of Lemma 3.2 of [CBH] . Let Q be a quiver attached to T (with any orientation). 
Let C be the linear map (:C->L®i such that 1 ^ y (8 x — x®y. 

Lemma 5.1. For any arrow a : i — > j in Q there exist T -module homomorphisms 

8 a : Ni -> L® Nj and (j> a : Nj -> L <8 Ni 

such that for any vertex i 

Y (Id L ® e a )<j) a - Yl (Ml ®<l>a)Qa = -di((® U Ni ) 

a£Q,h(a)=i a£Q,t(a)=i 

as maps from Ni to L (8 L ® Ni, and such that 

{uj l g> Idjv t(a) )(Idi ® (f> a )e a = -d h(a) ld Nt{a) 

and 

(uj l <8 Idjv h(o) )(IdL <8 9 a )4> a = d t{a) ld Nh(a) . 
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Moreover the 9 a , <p a combine to give a basis for each of the spaces Homr(A^,L 8> Nj). 

Proof. In the case T is of type the same proof as in [CBHJ, Lemma 3.2, works 
without any change. For T of type A +QO , Z?oo the proof goes as the one in [CBH] for type 
D n ,E n if we observe that also in our case Q is a (semi-infinite) tree, the L 8> Ni are all 
multiplicity free and the vector 5 is the unique vector in C , up to scalar multiples, such 
that (5, ej) = for all i G I. 

□ 

5.5. Let Q be as above and let %% De the character of the irreducible representation iVj. 
The following theorem is the analog of Theorem 3.5.2 of [GGJ. 

Theorem 5.2. The algebra W Ci fc(r n ) is Morita equivalent to the algebra A n ,\ tU (Q) for 
v = 2k and A = {Aj} where Aj = (c,Xi)- 

Proof. We give a proof for n > 2 since the proof for n = 1 is similar and easier. Our 
proof rephrases the proof of Theorem 3.5.2 in [GG| in the language of algebraic distribu- 
tions on r n . Using equations f)19[) - (|22|) and Lemma |5. II we can define an isomorphism 

T B S x C[S n ] -> v?® n (TV x 0(r n )*) p® n 
e ix ® • • • ® e in ■ a — ► (p ix <8 • • • <8 <pi n ■ cr, 
% (8 • • • (8 o (8 • • • (8 ej„ • a — * <p ix (8 • • • <8> </» a <8> • • • <8 <Pi n ■ a, 
e ix (8 • • • (8 a* (8 • • • (8 e;„ • cr — ► ip^ (8 • • • <8 a <8 • • • <8 <Pi n ■ cr, 
for all ii, . . . ,i n e I, a e Q. 

Let us denote by J the subspace of TV x 0(T n )* spanned by relations (Rl), (R2) of 
Definition [231 Then the algebra H C) j-(r n ) is the quotient of TV xi 0(T n )* by the two-sided 
ideal generated by J and (p® n H Ctk (Tn)<P® n is the quotient of ^® n TV x 0(T ft ) > 0n by the 
ideal 

<p® n (TV x 0(T n )*) J (TV x C?(r n )*) p m = 

= y® n (tv x o(v n f) ip® n o(r)*® n jo(r)*® n ip® n (tv x o(r n )*) 

where the identity holds by equation (I18|) . Our claim is that the image of the two sided 

ideal generated by ip® n O(T)*® n JO(T)*® n p® n under the above isomorphism is exactly the 
ideal of the defining relations (I), (II) for A n ^\ M (Q). 

Let's first consider the relations (Rl). Notice that for any cp £ 0(T)* and x,y £ L a 
symplectic basis, we have that in TL x 0(T)* 

(23) ip(xy - yx) = (xy - yx)tp . 
In fact 

(p(xy - yx) = 

= (x(x*,~/x)cp + y(y*,-yx)<p) y - (y(y*,jy)ip + x{x*, iy)<p) x = 
= xx(x\jy)(x*,jx)tp + xy(y*, jy)(x*, jx)ip + yx(x* , jy)(y*, jx)(p + yy(y* ,jy)(y* ,jx)ip+ 
-yx(x*,jx)(y*,-fx)ip - yy(y* ,-yx)(y* ,-yy)ip - xy(y* ,^x)(x* ,^y)p - xx(x*, -yx)(x*, jy)<p = 
= {xy - yx) ((x*,-fx)(y*,-fy) - (x* , -yy)(y* , jx)) tp = (xy - yx)(det-/)p = 

= {xy - yx)p 

where the last identity holds since det7 = 1 as a function on SL(2, C). Also, since c is a 
T-invariant distribution, for all (p £ 0(T)* we have 

(24) p C = op£ o(ry. 
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Moreover, if for any tp G 0(T)* we write cpi = 5 e <8 • • • <8> <p <8> • • • <8 <5 e S 0(T)*® n , where 
is placed in the ith position, we have that 

(25) ipiipj (S ai .Aij) = (5 aij Aij) ifiipj 

for any (p,ip S 0(T)* and any i,j £ [l,n]. To see that ([25]) holds it is enough to test the 

right and left hand side of the expression on a decomposable function / (E p ^ <g> ■ ■ ■ (8 EpX ) . 
Suppose without loss of generality that i = 1, j = 2. For the right hand side we have 

((<5 CT12 A 12 ) ^2, f(EpX ® • • • ® EpX) = 

= ( S <T12 , /) f {<P, ErX ) {tp, Er 2 q 2 



E p Jl ( 7 )E p J* (7- 1 ) d 7 J (<5 e , ^psla) • • • ($e, EpX) = 

= f(a 12 ) ({<p, Er^}^, E%j 2 ) J E^ r \ (7)^5 2 (7) <*r) EpX(e) ■ ■ ■ < ! ?„ (e) = 

= 5ziZ 2 /(°'i2)^-(V ! , Ep^ 2 )(ip, EpX)EpX(e) ■ ■ ■ EpX( e ) , 
while for the left hand side we have 

{(P!ih (5 ai2 A 12 ) , ~f{EpX ® • • • ® E^J = 

= (<5 CTl2 ^ 2 ViAi 2 ,^ g \ ® • • • ® = 

= (<W , /) (V ^fe <¥>, ife) f ErX (y)Er 2 % (j' 1 ) d 7 ) <*e, ^3) " " " (4, <'?„ > = 

= /> 12 ) ((V, <V\ > (<p, E^ 2 > jT ^ (7)^ (7) *y) (e) • ■ ■ <t (e) = 

= fyifeiW)-!-^, e pi%)(<P, EpX)Ep^{e) ■ ■ ■ EpX(e) 

where in both cases we used the fact that for any finite dimensional representation iVj, if 
we choose dual bases, we have -Epq (7 _1 ) = E^p (7) for any p,q = 1, . . . ,d{. Now using 
(|2"5j) . (p^|) . ([25]) . if we denote by Ji the vector space spanned by relations (Rl) we see that 

i P ® n O{Yy® n J l O{Y)*® n i P ® n = <p® n J w ® n O{Y)*® n ip® n . 
Then for any choice of ii, . . . , i n £ I and I S [1, n] we have: 

<Pi 1 ®---®<Pi n - [xuVi] = [xuVi] •<Pi 1 ®---®<Pi n = 



(26) = <p h <8 • • • ® — I ~ 6a ^ a ) ® ' ' ' ® 

'' \a6Q, h(a)=ii a£Q,t(a)=ii 



and 

(27) ¥?i x (8) • • • (8) </?j„q = y^ii <8 • • • (8 

Indeed we can write <pi x (8 • • • (8 y>» n Q = ® • • ' <8 y?j; c (8 • • • (8 , and testing on a function 
G 0(T) we have: 

{ip k C,Ep q j ) = 

= (ipi n Ep r J )(c,Erq) = 
15 



= £>iijbpl(c, E lq) = Si u -6pl5gl(c,£; il * 1 ) = 

The last identities follow from the fact that c is a T-invariant distribution, thus a sum 
of duals of characters. More precisely 

i j=l 

and one has 
so that 

d % d H 
» 3=1 j =1 

Now we claim that 

(28) ® ■ ■ ■ ® ^) ^ Ay » • • • ® w.) = | i ( ^ ® ' ' ' ® ^ J **« if ^ 

Indeed, supposing without loss of generality that I = 1 j = 2, and testing the left hand 
side on a decomposable function / (Ep^ (g> • • • <8> Ep^q^J we get: 

((^ ® ¥>« a ® • • • ® ¥><J £ CT12 A 12 , / ^g 1 ! ® • • • ® = 

= (<5«n a (Via ® Vfe ® " " • ® <ftj A 12, / ® ' ' ' ® 



= K<n2)Kn n 6 ^ n 5 p,i n v [ e Z w ^ = 



3>1 3>1 i>3 



H 3>1 3>1 3>1 



s 



By (|26l) . (f27l) . (p8|) we thus have that relations of type (Rl) give us exactly the relations 
(I) in Definition E2 

We will now find the relations that are given by (R2). We will assume without loss of 
generality that n = 2. First of all, for any u,v £ L and any ip,^ £ 0(T)*, if x,y is any 
basis for L, we can easily see that 

(tp® ip) ■ [ui,v 2 ] = 

(29) = [xi,x 2 ] ((x*, hu)ip (8) (x*,gv)ip) + [xi,y 2 ] ((x*, hu))cp ® (y*,gv)-(p) + 

+[yi,x 2 ) ((y*,hu))ip® (x*,gv)ip) + [yi,y 2 ] {{y*,hu))(p® (y,gv)ip) 
and similarly 

(tp ® ip) 5 ai2 uj L (ju, v)A 12 = 
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(30) 

= S u12 uj l (jx, x)A 12 ((x*,hu)ip <g> (x*,gv)ip) + 5 ai2 uj L (jx, y)A 12 ((x* , hu)cp <g> (y*,gv)ip) + 

+8 ai2 u) L (jy, x)Ai2 {(y*, hu)<p ® (x*,gv)ip) + S ai2 u L (-jy, y)A 12 ((y*, hu)ip ® (y*,gv)ip) . 
To prove this last identity we first have to introduce some more notation. For (p, ij) E 0(T)* 
we will write iph, ip g to indicate the variable with respect to which these distributions are 
considered (so ip is a linear functional on functions in the variable h etc. . . ). Since the 
value of the distribution A12 on any function f\ ® f 2 S 0(T)® 2 can be written as 

(Ai2,/i®/ 2 ) = y rxr fi(g)f2(h- 1 )dgdh, 
g = h 

we will write A 12j ( 9 / l ) to keep track of the variables. Finally for Ep^ (g) Ep 2 l q 2 £ Oft)® 2 
we will write 

A{EpX ® Ep 2 % )(g,h,g',h') = EpX (g) ® E P2 \ (h) ® E^ (g r ) ® (ti) 

Ni Ni 

for the coproduct. Let us now consider the decomposable function / = f(E Pl g 1 ® E P2 q 2 ), 
where / £ C[5 n ]. We have 

((ip <g> ip) 5 ai2 uj L (ju,v)A 12 , f) = 
= f{vi2){(ip g ® <ph) (uL(g'u,v)A 12t ( g , hl) ) , &(EpX <g> Ep 2 l $ 2 )(g, h,g', h')) = 
= f(eri2)(il>g<Ph , Ep 1 '^(g)Ep 2 %(h))(A l2 ^ g , h/) , u L (g'u,v)E r ^ 1 (g')Er 2 %{h')) . 

Now making the change of variable (</ , h') = (g~ 1 gh,^y~ 1 hh) and using the fact that the 

integral is left and right translation invariant we get 

(31) 

f(<7l2){i>g<Ph, Ep^ 1 (g)E P2 %(h))(A 12tigl h , } , u L (g- 1 ghu,v)E r X(g~ 1 gh)E r2 ' g 2 2 {h~ 1 hg)) . 
We now observe that: 

VLig^ghUjv) = ujL(ghu,gv) = 
1 2 



(x* , hu) (x* , gv)uj L (gx, x) + (x* , hu) (y* ,gv)u L (gx , y) + 
3 4 



(32) + (y* , hu) (x* , gv)uj L (gy, x) + (y* , hu) (y* , gv)u; L (gy, y) 
and that 

Er^ 1 {g- l ~gh)Er^ 2 {h- l h- 1 g) = 

(33) = E^g-^X^Kl WE^Xih-^Xih^^g) . 

Using ([32]) we can rewrite ([3"T]) as a sum of four terms. If we use ([33]) to rewrite the first 
of these terms, for example, we get 

fauMgVh , (?*, hu)(x\gv)EpX( 9 )ErX(g~ l )EtX( h ^^ 
■Mgx,x)A lufh) , E^(g)E?X(h)) = 
= f(cri2)(ipg<fh , (x*, hu)(x*,gv)E pi %(e)E tiq \(h)E P2tS2 (e)E t2 l ^(g))- 
.(u; L (~gx,x)A lu - gh) , (/i)) = 
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= fauMgVh, (x*,hu)(x*,gv)E tl l(h)E t2 ^(g))- 

Ni Ni Nt 

■(uj L (gx,x)A lU§h) , E p J 1 (e)E Sit \(g)E p2tS2 (e)E s J 2 (h)) = 

= Kcr^iipgiPh, (x*,hu)(x*,gv)^ l ^(h)E^(^))-{u; L {px t x)A^^ , Ep'l(g)E p2tt2 (h)) = 
= f(°i2)([uL{gu,v)A 12 {§ ~ h) j ({x ,hu)(p h ) ((x ,gv)ip g ) , A(E P1 ^ ® E P2 $ 2 )(g,h,h,g)} = 

= (S ai2 ((x*, hu)(p (8 (x*,gu)Tp) uj l (jx, v)A 12 , /) 

where we just used the properties of the coproduct and counit (evaluation at the identity). 
It is of course possible to rewrite the remaining three terms in a similar way, so that we 
get exactly expression ([30]) . 

Now for any k, I £ I an easy computation shows that, via the identification 
TV x 0(r)*^T o(r) ^ 2 (y®0(r)*® 2 ), we have 

(ifi (g) tpj) (ip <g> 5 e ) [«i,u 2 ] (S e <8 i>) {Vk ® w) = 

(34) = ((pup <8 <pj) (m (8 (<p k (8 tpj)) (g) {ip k (8 <pj) (v 2 ® (v?fc <8 #>i)) + 

- (ifi <8 ^) (v 2 (<pi (8) ^/)) (t^iV? <8 y>j) (ni (8 (<£& (8 ^)) 

where denotes the product in T ^(y ®0(T)*® 2 ), and we can see ({340 as an identity 

between algebraic distributions on T x2 with values in T 2 V. On the other hand we trivially 
have that 

(ifi (8 </?i) ® ^e) (<5<j 12 ^l(7^ «)Ai2) (<5 e <8> VO (<£fc 8> yi) = 

(35) = 5 ai2 (ipj ® vw) ^l{iu, v)Ai2 (<fk ® ip<pi) ■ 

As in |GG] we observe now that for any arrow a 6 Q we can find distributions 
fa,tpa £ 0(7;)*®™ an( j vectors u a ,v a £ L such that 

¥>t(a) («a 8) ^(o)) / and p h ( ) (v (8 i>a<Pt(a)) °- 

Also in our case Q has no loop vertices, thus we have that the spaces <pi (^L (8 0(r)*® 2 ^ ^ 
are at most one dimensional and for any i,j £ I we have an identification: 

(^o(r)*® 2 ® l ® o(ry®V,) r - ^ (l ® o(ry^ 2 ) ^ 

where <^0(r)*® 2 ® L (8 ipjO(T)* m ^ N* ® L ® Nj as T-modules. Moreover again as in 
[GGj we have a non degenerate T-equivariant pairing 

(^e>(r)*® 2 ® l ® 0(r)*® 2 ^-) (g) (^e>(r)*® 2 ® l ® 0(r)*®V<) c 

(a<8ii<8/3)(g)(a! / <8ii<8 / S') -» (a/3 / )(a / /3)u;jr,(it 1 « / )- 

As a consequence, we can assume that, for any a £ Q, we have iOL(u a ,v a ) = 1. More- 
over <ft( a) <£ (f a (8) </>h(a)) = if ip h(a) (va®lp<Pt(a)) + °> and fh{a) K®#t(a)) = if 
^(a) 1 ^ (u a (8 <Pfc( )) / 0. 
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Note that if i ^ I or j ^ k the expression (|35p is zero. To see this, let us evaluate the 
distribution [ipj (8 tpup) ojl^u, v)A\2 (ipk (8 i/xpi) on a function E Piqi <8 E P2q2 . We have 

((^j (8) (pup) ul{iu, u)Ai2 (pfc ?M) , #pigi ® # P2 ©) = 
= (^j , E p X){ipjip, Ep 2 %) {UJL(1U,V) A12 , ^risi 8> E r2 %)(ip k , E^ q \){lj)(pi , E S2 %) . 

Since last expression is zero if j, k ^ l\ and i,l ^ l 2 the above distribution is identically 
if j 7^ k or i 7^ /. 

Thus, if a, 6 G Q are two arrows such that 6 / a* or a ^ 6* we get from (|34|) . (|35p and 
(R2) that 

(a (8) h(b))(t(a) (g> 6) - (/t(a) (8 6)(a <8 = . 

Suppose now j = k and i = I. Consider an edge a : i — ► j in Q and suppose, for 
simplicity, a £ Q. We have an injection as an irreducible factor 9 a : iVj ^ L <£> Nj. We 
can choose a basis £ := of L (8 iVj = N © . . . adapted to this decompositions into 
irreducibles 

£1 := ipi = E x {, £1 ^:=E Z {, £ di := E^ v .... 

On the other hand we can choose a basis fi := {fii} for L (8 Nj adapted to the tensor 
product 

fix := u a <8 ifj =u a ® E^ , fi 2 = u a ® E 2 { , . . . , (Jadj ■= v a <8 E^\. 

Let's now define the matrix r = (r p9 ) by <pfi q = J2 P T pq£p an d the matrix p = (p P9 ) by 
ip^ q = ^ZpPpqfi-q- In other words we have r = g<^, where = (^ p Pn q ) denotes the 
matrix representing the linear map induced by <p on L <8 Nj if we choose the basis fi for 
the domain and £ for the image. Similarly we have p =« ip£. Now, recalling that we are 
using the following identifications 

NjhL®NjhL®L® Nj ^ Nj , 
and that by Lemma 15. II this composition of morphisms equals djldNj, we have that 

(36) pip> [u a (8) <pj) = Txxp>i and ipj (v a (8 ^^i) = • 
We now claim that 

(37) (cpj (8 yw) (^U^Ua, u )Ai2) (<£j <8 ?M) = Tl \ Pl1 <?j ® W • 
First of all it's easy to see that 

(tpj (8 {ul{jUo,, u tt )Ai 2 ) (</?j (8 V^i) = CVj ® ift ! 
where C is some constant. To compute C we will evaluate the left hand side of (|37|) on 
the function E^ (8 E^j £ O(r)® 2 . We recall that we can see the functions £^(7) as 
the matrix coefficients for the action of 7 on the direct factor Ni C L (8 Nj in the basis 
£ and the functions E^ s {^)Ep q j (7) as the matrix coefficients for 7011L® iVj in the basis 
fi. We define the matrix a = {a pq } as the matrix of the change of basis fi q = J2 P a pqCp 
and by a = (a pq ) its inverse. Accordingly to the previous notation we write £(p£ = (^ 9 ^ p ) 
(respectively £ipg = (^oV'fp)) f° r the ma t rrx of the linear map p> (respectively ip) where we 
chose the basis £ both for the domain and the image. 

{(ipj ® ifiip) (LO L (ju a ,Va)A 12 ) (p>j (8 tpipi) , (8 E^l) = 
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r,p=l r,p' 

di 



;p=lr',p' = l ^ T ' 

E ( / ^(7na,^)<(7)^(7- 1 )^) <^1) = 

r',p'=l ^ r ' 

= J2 (<p>e$)([ ^u(7)< J (7)<M7 -1 )*y)(^^?l> = 

r>'=l ^ r ' 

= J E (^<')(^^)(^,^fi(7)< J (7)) = 



r',p'=l 



1 jr (^bJ}^,^)^,^^^ 

r',p'=l s,t=l 

= ^7 E (V> E lr')(i > > E $i) & lp' a r'l = 



r',p'=l 



^ ( E v <v j E & ^ a ^ 



where the last identity holds since p = = a_1 = cfcfV'f an d t = £</>/j = a - 

Thus we have that C = Pll j tTl1 and the identity ([57]) holds. So now taking i = I, j = k 

u = u a ,v = v a ,(p = tp a ,ip = *l> a m (USD and (f3"Tj) . and using ([3"B]) . we have that relation 
(R2) gives us exactly 

(a* O /i(a)) (h(a) (g> a) - (i(a) O a) (a* O i(a)) = 2fc<5 CT12 (/i(a) (8) t(a)) 

since T\\, pn ^ in this case as observed above. Also taking u = u a ,v = v a in plj) and 
([37j) we have that, if tp^tp (u a ® 7^ 0, then y>j (it Q ® ip(pj) = and so Pd +1 = (see 
(|36p ) and both sides of (R2) give zero. The same is true if we exchange the roles of u a 
and v a . Thus the relations (R2) give exactly the relations (II) of Definition 14.31 

□ 



6. Finite dimensional representations 

Theorem 15.21 provides the connection we were looking for between the representation 
theory of quivers and deformed preprojective algebras and the representation theory of 
the continuous symplectic algebra 'H c ,k{^n)- in this section we will use the results of 
Crawley-Boevey and Holland ([CBH], [CBJ) to obtain a complete classification of the 
finite dimensional representations of the rank 1 continuous deformed preprojective algebra 
I1a(Q) (Ai t \(Q)). Moreover, in higher rank, we will extend the results of Gan ([G]) to 
the continuous case, describing an interesting class of finite dimensional representations of 

Ai,v(Q) (^c,fc(r n ))- 
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6.1. The rank 1 case. The following easy result holds. 

Proposition 6.1. Any finite dimensional representation of the continuous deformed pre- 
projective algebra tl\(Q) is a finite dimensional representation of some ordinary deformed 
preprojective algebra H\j(Qj), where J C I is a finite subset of vertices, Qj is the corre- 
sponding full subquiver of Q, and Xj G C J is the restriction of the parameter X to set of 
vertices J. Vice-versa, any finite dimensional representation of H\j(Qj) can be extended 
to a finite dimensional representation ofU\(Q). 

Proof. By Definition 14 . 21 we have that a representation M of T1\(Q) is a representation 
of CQ with vector space Mj = e^M at the vertex i and linear maps M a : M t r a ) —* M^^, 
M a * : M/j/ ) — » M t ( a ) for each a £ Q such that the relation: 

M a M a * - M a*M a = XiId Mi 

a G Q a G Q 

h(a) = i t(a) = i 

holds for any i. But now, if dimM < oo, we must have dim Mi = at < oo for all i and 
dimMj = for all but finitely many i. Thus the representation M is supported at a finite 
number of vertices and the result follows. 

Vice versa, suppose T1\j(Qj) admits a finite dimensional representation M, then we 
can clearly extend it to a representation of T1\(Q) by setting Mj = for i £ J and 
M a = M a * = for a £ Qj. 

□ 

Let now be the space of vectors a = {a,} such that «j G N for all i and «j = for 
all but finitely many i. For any aGN' let p(a) be the function: 

p(a) := 1 + ^2 a t(a)a h (a) ~ ^2 a * ' 
ogQ iei 

Proposition 16.11 implies the next Corollary. 

Corollary 6.2. For A G & and a£N f the following are equivalent: 

(1) There is a simple representation oftl\(Q) of dimension vector a 

(2) a is a positive root for some finite, connected, full subquiver Qj of Q such that 
Xja = and p(a) > ££ =1 p(f3^) for any decomposition a = (5^ 

r > 2 and (5^ a positive root with X ■ (3^> = for all k. 
Moreover, any such representation is unique. 

Proof. The result is implied by Theorem 16.11 and by [CBJ, Theorem 1.2 and [CBJ, 
Lemma 7.1, 7.2 once one observes that all finite subquivers of Q are a disjoint union of 
Dynkin quivers. 

□ 

6.2. The SL(2, C) case. As mentioned in Section[23J we will now compare Khare's result 
about representation theory of the deformed symplectic oscillator algebra of rank 1 with 
the results of Section IBTTI in the case T = SL(2, C). 

We observe that, in this case, the subalgebra of invariant algebraic distributions sup- 
ported at the identity can be identified with the algebra of polynomials in the quadratic 
Casimir element A = \{EF + FE + (where E, F, H are the standard generators 
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of SI2), that coincides with the center of the enveloping algebra. Now if we let x, y be a 
symplectic basis of the standard two dimensional complex symplectic vector space V, and 
we take / = /(A) to be a polynomial with no constant coefficient, we can see that Khare's 
deformed symplectic oscillator algebra (cfr [Kh| . section 9) 

TV k U(sl 2 ) 
f ~ <[x,y] = l + /(A)> 

coincides with the infinitesimal Hecke algebra H C (SL(2, C)) when we take / = f c to be an 
appropriate polynomial depending on c. 

Let Vc(i), i G No be the standard cyclic module of of highest weight i (i.e. the 
irreducible finite dimensional representation of dimension i + 1). Denote by hi be the 
scalar by which the Casimir A acts on Vc(i) (h = i(i + 2)/8). 

Khare's classification of finite dimensional representations of Hf can be summarized as 
follows (cfr [Khj Theorem 11, § 14, and formula (1), § 9). 
I) There exists a unique simple -ffy-module of the form 

r 

(*) V(r,s):=Q)Vc(i) 

i=s 

for any s < r in Nq satisfying the two conditions: 

r 

i) £(* + i)(i + /(&,)) = 

i=s 
r 

ii) £(i + l)(l + /(6i))^0 s<A;<r . 

i=k 

II) Any finite dimensional irreducible -ffj-module is isomorphic to one of the V(r, s). 
We observe now that all positive roots for the infinite quiver ^4+oo are of the form 
a = cx\g jr ] = Yli= s e * ^ or some < s < r, where e, are coordinate vectors (simple roots) as in 
Section T3.2I (cfr. [K], § 7.11, where e, = q« in Kac's notation). Thus according to Corollary 
16.21 in the case of SX(2,C) all possible simple, finite dimensional 7i c (SL(2,C)) modules 
must have the form (*). Moreover, we observe that in this case p(/3) = for any root, thus 
the conditions in Corollary 16.21 part 2) tell us that to have a representation of dimension 
vector a for any decomposition of a = (3^ + • • • + (3^ we must have A • (3^ = for some k. 

Now, any decomposition looks like a[ 8>r ] = a[ S)S+tl ] +a [s+tl+lyS+tl+t2] H ha [s+tl+ ... +tnir] . 

In particular, we can consider the decompositions a\ Sj1 .] = ac[ Sjm -i] + &[m,r] ^ or an y s < 
m < r. Since = A • a[ s r ] = A • a[ s m „ 1 ] + A • ar m r i our condition implies that in particular 
A • a[ m r ] 7^ 0. On the other hand, any nontrivial decomposition of cil s i contains a root 
a[ m r ] for s < m < r. Thus, the conditions in Corollary 16.21 can be rephrased as: 

a) a [s,r] " A = 

b) a[ mj r] ■ A / s < m < r. 

We will now translate the conditions on the dimension vector a in Corollary 16 . 21 part (2) 
into Khare's conditions i), ii). In order to do this, we have to compare Khare's parameter 
/ with our parameter c. Let's denote by Xi the irreducible character corresponding to 
Vc(i)- Then , since the Xi s span the space of invariant functions, we must have 

(38) A J = (c,Xi) = (l + /(A), Xi ). 

for any i € No- We recall now that constants in ^(sfe) correspond to multiples of the delta 
distribution S e . Moreover for any D £ Uis^) one has _D(xi)(e) = Xi(-D) = tTy c u\(D) , 
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and, in particular try c (j)(A ) = &\m.(Vc{i))b\ = (£ + 1)6'. It is then easy to compute 



(l + /(A) )Xi > = (i + l)(l + /(6i)). 




Thus we can rewrite conditions i) and ii) as 



r 



1) J>, = 



r 



s 



2) 



s <k<r 



i=k 



which correspond to conditions a), b) above respectively. 

6.3. The higher rank case. In [G], W. L. Gan constructed reflection functors for higher 
rank. In the rank 1 case reflection functors were constructed by Crawley-Boevey and 
Holland in |CBH| . Gan's reflection functors are defined for any loop- free vertex i of 
any finite quiver Q and, under some conditions on the parameter A, v, they establish an 
equivalence between the categories of modules 



where SjA denotes the action of the simple reflection Sj at the vertex i on the parameter 
A. Thanks to this property the functors Fi turned out to be a very powerful tool in the 
deformation-theoretic approach to the study of finite dimensional representations of higher 
rank deformed preprojective algebras. 

In this section we will briefly explain how Gan's definition of reflection functors can 
be pushed ahead, without any change, in the case of continuous deformed preprojective 
algebras of higher rank attached to an infinite affine Dynkin quiver and finite dimen- 
sional representations. Gan's results on representations of the wreath product symplectic 
reflection algebra will then naturally extend to the continuous case. 

To ease notation, in all that follows we will write An,x,v fo r <An,\,v(Q), and II a for tl\(Q), 
where Q is an infinite affine quiver. 

Let i be any loop- free vertex of Q. Since A n ^ y {Q) does not depend on the orientation 
of Q, we can suppose that i is a sink (all arrows at i point toward i). Let V be an 
A n t \ j,(Q)-module. Following Gan's construction we define ^(V) as follows. 



Note that, for any infinite affine quiver, the set R is finite. If j = (ji, . . . ,j n ) £ I n , where 
/ is the set of vertices of Q, let 

Vj_:=\jV, and A(j) := {m G [1, n]\ j m = i] 

where \j is the element ej 1 (g) • • -®e.j n as in Section H~2l For any subset D C A(j), consider 



Fi : Ai,a,v(Q) - mod -> A n , Si \, v (Q) - mod 



Let 



(40) 




the finite set 



(41) 



X{D) := { all maps f : D -» R} . 



2.3 



For any £ G #(£)) let 

j m if m ^ D 
i(f (m)) if me D 



t(i,0-=(h,---,t n )er, where t 
Define 



£e#(D) 

so V(j,0) = Vj. For any £ there are projection and inclusion maps 

Moreover, for any p £ D there is a restriction map p p : — ► X(D \ {p}). Thus for 
each £ E <^(-D) we can consider the two compositions 

V(j, D) K t( j iC) > %p p (?)) c >■ ^ \ W) 

T/c- n\ r ^ 7r i' PpCf) T/ ?{p) ^*(j,p p (0) T/ 

MJ, # \ M) ^ v t(j_,P P (0) *■ V KM) C *- v (b D > ■ 

Define now 

(42) 7r i>p (D):V(i,D)^VU,D\{p}), n i>p (D) := £ H,P P (0^pki,Om 

(43) ^ p (D):V(i,D\{p})^V(i,D), ir^ p (D) := /^(P^k^MOFi.^tt)- 
Let 

T//m _/ n peD Ker(vr JiP p)) if D 
and let V- := ^(A(j)). 

Definition 6.3. We define Fi(V) := V' = ® Jg /n as a vector space. 

For any Z G [1, n], o € Q, j G I n with ji = t(a), we have to define maps a[\j : V- — > V^j) 
, where a/(j) is as defined in Section [4.21 One has two cases: 
Case I. If h(a),t(a) ^ i then I ^ A(j) = A(ai(j)). For any D C A(j) we have a map 

ai\l,D ■ V{j_,D) -> V(ai(f),D), m\^ D := ^ /^(^a^^Ti^. 
We define 

( 44 ) a 'i\i'~ a i\iA(£>- 

Case II. If t(a) = i then Z G A(j) and A(ai(j)) = A(j)\{l}. For each r £ R there is an 
injective map 

r r , ZiD : X(D\ {/}) *(£>) : r? -> r r ^ D (ry) 

where 

?7(m) if m G -D\ {/} 



r r ,i,D(v)( m ) 



r if m = I 
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Since t(j ,T r ,i,D{D)) = t(rf(j),rj), there is a projection map 

T r,lJ,D : V{h D ) V( r l(£), D \{ 1 }), T r,lJ,D ■= Y ^(l), V ^j_,r r j, D ( V ), 

r,eX{D\{l}) 

and an inclusion map 

T r ,l,j,D l ■ V{rf(i),D\{l}) ^V(i,D), T r ^ D< := ^ ^j_,r rXD { V )^r-{j_), V - 

v eX(D\{i}) 

We define 

(45) a/li := T a*,ij,A L 

Case III. If h(a) = i then I <£ A(j) and A(a z (j)) = A(f) U {/}. For any D C A(j) we have 
the inclusion map 

r a ,l,aiii),Du{l}, ■ V(J,D) -» y(a,(j),L> U {/}) 

as above. We have a map 

e aM>D :V(i,D)^V(a l (£),DU{l}) 

defined by 



meD I 



Qa,l,i,D ■= + ^ ai (£,,l^ ai (j),l + V 2^ <rml\ ai (3j ) T a,l,ai(i),DLI{l}, 

We define 

( 46 ) 4\i : =Qa,l,i,AU)- 

We define an action of Tq£ x C[5 n ] on Fi(V), where ai\j £ £ acts as a[\j. We have the 
following proposition 

Proposition 6.4. (|GGJ, Proposition 2.7) With the above action Fi(V) is a A ntSi \ tU (Q)- 
module. 

□ 

The so defined reflection functors for finite dimensional representations of the algebra 
A \ v satisfy the same properties as in Gan ([G], Section 6.2). In particular if i is a loop- 
free vertex, let Aj be the set of all (A, v) e B x C such that Aj ± v Y^m=2 a i™ is invertible 
in C[S r ] for all r £ [1, n]. 

Theorem 6.5 ([5]. Theorem 5.1). // (A, z/) G Aj ; i/ien t/ie functor 
is an equivalence of categories with quasi-inverse functor Fi. 



□ 



Remark 6.6. Note that by [G], Proposition 5.12 we /lave: 

A; = {(A, v) e B x C\Xi ±pv ^ forp = 0,... ,rt- 1} 



25 



From now on we will consider v, A as formal parameters. More specifically, let U be a 
finite dimensional complex vector space and consider v G K := C [[£/]], A G B = Ilj g /]K. 
Let m be the unique maximal ideal of K. For any K-module write V := V/mV. A A n ,\M- 
module V is a flat deformation of a „4. n A,t/-module Vq if V = Vb[[E7]] as K- modules and 
V = Vq. Consider the decreasing filtration A n ^ u D xnA n: \ tU D m 2 A n ^ u D . . . . We have 
that GY m A n ,\^ = ^n.A^tl^]] as algebras over K. Then Lemma 5.13 and Proposition 5.14 
of [G] extend to the continuous case with analogous proofs. Let B = Y\ ieI C[U]. 



Lemma 6.7. Assume A G B and v G C[U}. Then Gi m A n ^ u = »4n,A,y[[^]] & s algebras 
over C. 

□ 



Proposition 6.8. Assume A and v are as in Lemma 6.1, Let i G / and suppose Aj ± 
^Sm=2 is invertible in~K[S r ], for any r £ [l,n]. If a A nt \ :V -moduleV is a flat deformation 
of a A nt \ M -module Vq, then Fi(V) is a flat deformation of Fj(Vo). 

□ 

Let now ft = (m, . . . , n r ) be a partition of n. X = X\ ® • • • ® X r be a simple module 
for the group := S ni x • • • x S nr C S n and let {ii, . . . , i r } be r distinct vertices of 
Q. For any i £ I, let A/i be the complex vector space with dimension vector et and let 
M = M® ni ® • • ■ ® A/^ nr . Then X ® AA is a simple module for B x C[5«]. One can then 

form the induced module X (g> M |:= Ind^ K ^' 1 ] (X (g> A/") over £> x C[5 n ]. Moreover, it is 

known that any simple finite dimensional B x CfSy-module has this form (this is true by 
[MacJ, paragraph after (A5), when T is finite, and remains true for T reductive when we 
consider only finite dimensional representations). 

The next Lemma is the analog of Lemma 6.1 in [CI and it can be proved in the same 
way. 

Lemma 6.9. Let the A nt \^-module V be a flat deformation of the A n \ v-module V . IfV 
is simple as a B x C[S n ]-module, then all elements of £ must act by on V . 

□ 

The following Theorem can be proved as Theorem 6.2 in [G] and is equivalent to The- 
orem 6.5 in [EGG] . 

Theorem 6.10. Assume v ^ 0. The B x K[S n ]-module (X <g> M ])[[U}} extends to a 
A n,\,u- m °dule if and only if the following conditions are satisfied: 

(i) For all I G [1, . . . ,r], the simple module X[ of S ni has rectangular Young diagram 
of size ai x 6; ; 

(ii) no two vertices in the collection {i±, . . . ,i r } are adjacent in Q, i.e. (ej. = 
for any j / k; 

(iii) for all I G [1, . . . , r], one has X{ t = v{ai — &/). 

Where we agree that condition (ii) is empty ifr = \, that is to say in the case of the trivial 
partition ft = (n). 

□ 



Let now Ao G B (B = K ). We will write IIa for n.x and ^4 n ,A ,o f° r Ai,a ,o- 
Let Yx, . . . ,Y r be a collection of pairwise non-isomorphic representations of U\ with 
dimension vectors /3 (1 ), . . . , /3 (r) respectively. Let Y := Y® ni ® • • • ® Y® Ur . Then X (g> Y is 
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an irreducible representation of fif™ X C[Sy and, as before, we can consider the induced 

nf n xc[s„] 

-4-n,Ao,cr mo clule X (g) Y f := Ind„ X <g> Y. It is known (as before by [Mac] ) that any 

finite dimensional simple .A n) A .o _m odule is of this form. 
Now for any fi^-module M we define 

Supp(M) := {» G I\eiM / 0}. 
Similarly, for any ^^^-module V we define 

Supp(V) := {i G J|3 j = (ji, . . . , j n ) such that V} / and i £ {j l3 . . . ,j n }}. 

Remark 6.11. We observe the following facts: 

• we have 

Supp(X ® T) = Supp(X AO = {*i, • • • , V>" 
Supp(X <g> Y T) = Su PP (X ® Y) = (U[ =1 Supp(yi)) n ; 

• let J C I be the minimal subset of vertices such that J corresponds to a connected 
subquiver Qj of Q and U[ =1 Supp(Yi) C J. From the proof of Lemma UTB we know 
it exists an element w £ Wj C W such that wXq = \ + , with X + J -dominant 
and w of minimal length as an element of W(Qj). If w = Sj m ■ ■ ■ Sj 1 is a reduced 
expression for w, where m is the length of w in W(Qj), then by minimality we 
have rj k _ 1 ■ • • r^Ao • ej k ^ for all k £ [1, • • • , m]. We will write F w = Fj m ■ • • Fj x ; 

• from the definition of the reflection functor Fj it is clear that if i £ Supp(V) then 
Supp(Fj(V)) C Supp(F). In particular we have 

Supp {F W (X <g> Y T)) C SupppT ® Y T); 

• from [CBH Lemma 7.1, we can deduce that if M is an irreducible representation 
q/II A + and Supp(M) C J then Supp(M) = {j} for some j G J with A + -€j = 0. In 
particular, if we consider the set ^x ,j of dimension vectors of the representations 
of Tl\ with support in J, we have wY,\ j = = i € j\j £ J> = 0}- 
Thus, if 0n\ is the dimension vector of Y\, for any I £ [1, . . . r] we have that 
wf3n\ = ei t for some i\ G J with Aj ; =0. As a consequence we must have 
Supp ( F w ( X ® Y T ) ) = {ii,..., ir} n C (£ A +,j) n - 

The following theorem is the analog of Theorem 6.3 in [G], and of Theorem 1.3 in [M] , 

Theorem 6.12. Lei X £ B. Assume Xi £ U for all i and 7^ v £ U . The A nt \ fi-module 
X®Y I has aflat deformation to a A nj \ +\ tU -module if and only if the following conditions 
are satisfied: 

(i) for all I £ [1, . . . ,r], the simple module Xi of S ni has rectangular Young diagram, 
of size ai x bi; 

(ii) {(3 l ,(3 m ) = for allium; 

(iii) for all I £ [1, . . . , r], one /ios A • (3n\ = (a/ — b\)v, where (3n\ is the dimension vector 
0} Yi •• 

where we agree that condition (ii) is empty in the case of the trivial partition n = (n). 

Proof. The proof goes exactly as in [GJ Theorem 6.3 when one observes that, by Remark 
16.111 above, one has F W (X ®Y f) = X <8> J\f j , where i[ = wflyy 

a 
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Remark 6.13. It can be deduced from [CBHJ, § 7, that the condition (^ua, /% ra )) = 
for the two distinct roots (3m, (3t m \ is equivalent to the condition: Ext^ (Yi,Y m ) = for 

the two irreducible non-isomorphic representations Y\, Y m oftl\ (this is true when Xq is 
J -dominant by [CBHj . Lemma 7.1, and can be proved for any weight using the reflection 
functors and our Lemma \3.2) . The last one is the form condition (ii) is stated in both |MJ 
and [G] . Note that when Y\ = Y m the two conditions are not equivalent anymore. Indeed, 
by Corollary 7.6 in [CBH] (see also [EM], Proposition 4.6), we have Exti (Y,Y) = for 



any irreducible finite dimensional representation Y of Tl\ , while the Ringel form attached 
to any infinite afflne Dynkin quiver is positive definite on the set of roots ( any principal 
minor of the corresponding cartan matrix is positive definite and any root is a linear 
combination of a finite number of simple roots). For this reason we specified condition (ii) 
is empty in the case of the trivial partition. 

Let now A, v be regular functions on the vector space U such that condition (Hi) of 
Theorem 16 . 1 2 1 holds . Suppose there exists a point o 6 U such that A specializes to Ao and 
v = at p. Let j m , ■ ■ ■ ,ji be as in Remark 16. Ill According to Gan's notation ([G], §, 6.3) 
let U' be the Zariski open set in U defined by (rj k . . . rj i ±pv ^ for all = [1, . . . , m] and 
p = 0, . . . , n — 1 ( see Remark l6.6p . Clearly o £ U' . Let C[U'] be the algebra of regular 
functions on V and, for any u £ U', let m u be the maximal ideal of functions vanishing 
at u. For any C[£7']-module V write V u = V/m u V . We have the following theorem the 
proof of which is as in [G], Theorem 6.4. 

Theorem 6.14. There exists a A n ^\. v -module V such that: 

(i) V° = X ® Y | as a A n ^\ )V -module and V is flat over U' ; 

(ii) for any point u G U' , V u is a finite dimensional simple x ^-module, isomorphic 
to X ®Y t as a B u x C[S n ]-module. 

□ 
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